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Looking at a snowflakefrom 6 feet away, 
you could describe ii a a dot. Get a little 
close1; and tbe dot takes on detail. Zoom 
in to within a couple qfincbes, and its 
shape becom es d~[ficult to describe. In the 
natural world you see shapes that bav 
ir~/inile detetil, sucb as tbe edge of a lee;_,....., .........,,
or tbe sw:face ofa CJystal. Describini-'fi.iltiffil 

11 

tail at the level that occurs in nature s a 
problem that is addressed in the study of 
fractals. 

If you use Macintosh Pascal, you hav 
ably s en the program Sierpinski,~ • 
on the Pascal disk. This program genera 
a beall[ifu l ly complex pattern that is an ex
ample of a mathematical object cal led a 
frncw l. The visual and concepwal appeal 
of fractals was made popular by mathe
matician Benoi t B. Mandelbrot, whose 
book Tbe Fractal Geometiy of Nature 
(Freeman, 1983) is a collec tion of exotic 
mathematical objects and a detailed study 
of th ir nature and application in a variety 
of field , including biology, physics, and 
economics. 

Mandell rot asks the question, How 
long is a coastline? The answer depends on 
how closely you look. If you measure a 
coast line on a map of[he world , you get 
one answer, and if you measure each little 
inlet t n a detailed coastal map, )'OU get an
oc her. If you measure each grain of san I 
an I every pebble on 1he beach, you get 
still another answer. Effec tively, the length 
of a co·1stline is infinite; a coastline is an ex
ample of a fracta l, an object of fractional di
mension. lL is the ultimate zigzag, in w,Jiioli 
the zigs and the zags are infinitely short. 

Be. ides coastlines, the SL r face of 
matl)' natural objeccs, such as forests and 
mountains, can be simulated with fractals. 
Star 'fJ·ek fans may remember the planet 
Gen sis in the film Star Tr·ek fl: The \Vratb 
qf'Kban. Lt was created wi th fractals ru1cl 
computer an imation. 

Using Recursion 
Since fractals are recursive objects, 

you can dra\v then1 on a computer using a 
recursiv procedure or function. A recur
sive function is one that e ll Is itself. The 
classic example of a recursive function 
computes the factorial of an integer n. The 
factorial of n is the product of the integers 
from 1to n, expres eel mathematical ly as 
F(n)= n • F(n-1). 

For a good introduction to the myscer
ies of recursion, see Douglas Hofscader's 
Godel, Esche1; Bach: Tbe Eternal Golden 
Braid (Ba ic Book ,1979). 

Matthew 
Zeidenherg is a graduate student in 
computer science at the University of 
\Visconsin, 1Hadison. 
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'HandsOn 

Koch 
Generared by rbe Kocb 
program (see Listing 

3 2 
2), rbisfractal begins 
with an equilateral tri· 
angle. Tbe generator 
replaces tbe m iddle 
third qfeach side witb 
two sides ofan equi
lateral triangle erec
ted from tbe endpoints 
qf tbe removed seg

3 4ment, for ming a Siar 
ofDavid. The p ro
cedure is repeatedjbr 
eacb generation. 

Since the ini1ia1or n=l n=2 
consists ofrbree line 
segm ents, 1/n main 
program calls /be pro
cedure kocbr lbree 
limes, oncefor eacb 
segment. Tbe inter
mediale points 11eces
sa1J' to creale tbe sec
ond generation define 
four new segments 
/hat become initiators 
in recursive calls to 
kocb1: 

n= 4n=3 

n=6n=5 
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program koch; 
con st 

sin60 = 0.8660254; 

scaling= 100.0; 


{xorig, yorig is center point of koc h} 
xorig = 250; 
yorig = 150; 

vor 
x l, yt , x2, y2, n, x3, y3 : integer; 

{Procedure to create nth generation curve} 
{given two points that define the initiator} 
procedure kochr (x 1, y 1, x2, y2, n : integer); 

vor 
xdiff, ydiff , x3, y3, x4, y4, x5, y5 : i nteger; 

begin 
{if n=l , drew the curve} 

if (n = 1) then 
drawline(xl + xorig, yl + yorig, x2 + xorig, y2 + yorig) 

else 
{o therwise create the next genera ti on} 

begin 
{ca l culate the points of the next generation} 

xdiff := x2 - x 1; 
ydi ff := y2 - y 1; 
x3 := xl + round(xd iff I 3); 
y3 := y 1 + round(ydi ff I 3); 
x4 := x I + round(xdiff I 2 - ydiff * sin60 I 3); 
y4 :=y1 + round(ydiff I 2 + xdiff * sin60 I 3); 
x5 := x 1 + round(xdiff * 2 I 3); 
y5 := y I + round(ydiff * 2 I 3); 

{recursive cells to koc hr for each new segment} 
kochr(x l , yl, x3, y3, n - 1); 
kochr (x3, y3, x4, y4, n - 1); 
kochr(x4, y4, x5, y5, n - 1); 
kochr(x5, y5, x2, y2, n - 1) 

end; 

end; 


{Drnw text window, prompt for n} 
{Display drawing window) 

procedure init (vor n : integer); 
vor 
drawwin : rect; 

begin 
hideell; 

showtext; 

write(' Input order of curve:'); 

reedl n(n); 

hideell ; 

drawwin.top := 40; 

drnwwin.left := O; 

drewwin.right := 512; 

drewwi n.bottom := 512; 

setdrewingrect(drewwi n) ; 

showdrawi ng; 


end; 

{ma i n program to draw Koch curve} 
begin 

in i t(n) ; 
{define initiator} 
xI := O; 
y 1 := round(scaling * sin60); 
x2 := round(scal i ng); 
y2 := -round(scaling * sin60) ; 
x3 := -round(sca l ing); 
y3 := -round(scaling * sin60); 

{cal 1 kochr for eact1 segment} 
koct1r(x 1, y 1, x2, y2 , n); 
kochr(x2, y2, x3, y3 , n) ; 
kochr(x3, y3, x 1, y 1, n); 

end. 

Listing 2 
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~ HandsOn 

Dragon 
71Je Dragon program 
produces Ibis fractal 
(.~ee Listing 3). Ecicb 
ge11eratio11 replaces 

2 
eac/J line segme/11 ill 25 
tbe prel'ious genera
1/0 11 witb ttl'O li11e seg
ments at a rigbt angle 
to eadJ otbe1: like tbe 

4 ~-----3snowflake fractal, tbis 3 
fractal is an example 
ofbow complex and 
apparent~) ' ineJoplica
ble patterns i11 nature 
cm1 be ge11erated witb 
relath·efy simple rules. n=l n=2 

Tbe proced11re drag
011r 1akes 1/Je i11itiaJo1; 
1/1/Jicb is defined by 
tbree poi111s, a11d cal
culates two i11termecli' 
ate poi/1/s. 71.1e resulr
i11g.five poims de.fine 5 
11110 new iniriators, 
wbicb are used in re
cursi11e calls ro 
dragom: 

4 
3 

n= 3 n= 7 

n=IO n=l3 
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program dragon; {Draw text window, prompt for n} 
const {Display drawing window} 

{Center point of dragon} procedure init (var n : integer); 
xorig = 250; var 
yorig = 180; drawwin : reel; 
sceling = 100; begin 

var hideall; 

x1, y I, x2, y2, x3, y3, n : integer; showtext; 


write(' Input order of curve:'); 
{Procedure to creete nth generation} reedln(n); 
[Given three points for the initiator} hideeill; 
procedure dregonr (x 1, y 1, x2, y2, x3, y3, n : integer); dreiwwin.top := 40; 
var drawwin.left := O; 
x4, y4, x5, y5, ydiff, xdiff : integer; drawwin.right := 512; 

beg1n drawwin.bottom := 512; 
{If n= 1, drew the curve} setdreiwi ngrect(drawwi n); 

if (n = l) then showdrawing; 
begin end; 
drawline(x 1, y I , x2, y2); 

drawl ine(x2, y2, x3, y3); {Main program to draw dragon} 


end begin 
{Otherwise construct next generation} init(n); 

else {Define the initiator} 

begin x 1 := xori g +scaling; 

{Cel cul ete next general ion points } y 1 := yorig; 
x4 := ((x l + x3) div 2); x2 := xorig; 

y4 := ((y 1 + y3) div 2); y2 := yorig - scaling; 

x5 := x3 + (x2 - x4); x3 := xorig - scaling; 

y5 :: y3 + (y2 - y4); y3 := yorig; 

{Recursive calls to dragonr} {Call dragonr to create nth generation} 

{create succeeding genrations} dragonr(x 1, y 1, x2, y2, x3, y3, n); 

dragonr(x2, y2, x4, y4, x I , y 1, n - 1 ); end. 
dragonr(x2, y2, x5, y5, x3, y3, n - I ); 

end; 

end; 


Llsti11p, 3 
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'HandsOn 

3~--~4 

Snowflake 
Produced hy t/Je Snow
flake program (see 
l.isring 4), thisfmcral 
gives you some insight 
into how snou!flakes 
grow in natl/re, al
1/Jougb it does11 '1 /Jave 
1me sixfold symmetry. 
?"be initiator is a line 
segment. Tbe gener
a1or replaces eacb line 
seg111en1 will.I seven 
line segments defined 
by 12 numbered 
points, as sbown in 1/Je 

8 

2 5 
9 

10 II 12 

.first genera/ion n=l 
(11 = 1). 

Tbe procedure 
snowr takes t/Je ini
1iator and d f.!fines 12 
inlermediate poin ts 
1ba1define11 seg
ments. Eacb li11e seg
ment is used as input 
in a recursi/Je call to 
S/10/VI: 

n=2 

n=3 n= 4 

n=5 
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program snowflake; 
const 

{Center point of snowflake} 
xor ig = 250; 
yorig = 230; 
scal ing= I 00; 
s = 0.5773; 

vor 

x r, y I , x2, y2, n : integer; 


{Procedure to crea te nth generation curve} 
{Given two points that define the initiator} 
procedure snowr (x 1, y 1, x I 2, y 12, n : integer); 
vor 

ydi f f, xdiff, i : integer; 
{arrays store I 2 points of next generat ion} 

x : orrey[2.. 12J of integer; 
y : orrny[2.. 12] of integer; 


begin 

{Calculate the pciint.s of the next generation} 

x[l2] := xl2; 
y[ I 2J := y12; 
xdiff := x l 2 - xl ; 
ydif f := y 12 - y 1; 
x\1 0J := xl + xdiff div 3; 
4[1 0J := yl + ydiff div 3; 
x[l 1J := xi + (xdiff * 2) div 3; 
y[l I J := yl + (ydif f * 2) div 3; 
x[3] := x[ 1 OJ + round(ydiff * s); 
yl3J := y[ 1 OJ - round(xdiff * s); 
x[9 ] := x[ I OJ + round(ydiff * s I 3.0); 
yl9J := y[ 1 OJ - round(xdiff * s I 3.0); 
x[BJ := x[ 1 OJ+ round(ydiff * s * 2.0 I 3.0); 
y[BJ := y[ 1 OJ - round(xdiff * s * 2.0 I 3.0); 
x[2J := (x 1 + x[3)) div 2; 
y[2J := (y 1 + y\3]) div 2; 
x\41 :=xi 11 J+ round(ydiff * s); 
yl41 := yl 11] - round(xdiff * s); 
xl6l := x[ 11) + round(ydiff * s * 2.0 I 3.0); 
y[6J := y! 11 J - round(xdiff * s * 2.0 I 3.0); 
x[5] := (x 12 + xl4]) div 2; 

yl5l := (y 12 + y[4]) div 2; 

x[7J := (x [BI + x[4]) div 2; 

y[7J := (y[BI + y[4]) div 2; 


{i f n= 1, draw the curve} 

if (n = 1) then 


begin 

moveto(x l , yl) ; 

for i := 2 to 11 do 

begin 


lineto(x[il, y[i)) ; 

end; 


line to(x 12, y 12); 

end 


{otherwise calcul ate the next generation} 
else 

begin 
{recursi ve calls to snowr fo r each of the r I segments} 

snowr(x[2), y[2], x 1, y 1, n - 1); 
snowr(x[2], y[2], x[3], y[ 3], n - I); 
snowr(x[31, y[31, x[41, y[4], n - I ); 
snowr(x[41, y[4], x[5], y[5], n - 1); 
snowr(x[5], y[5], x[6], y[6], n - 1); 
snowr(x[7], y[71, x[6], y[6], n - 1); 
snowr(x[7], y[71, x[B], y[B], n - I); 
snowr(x[9], y[9], x[Bl, y!BI, n - I); 
snowr(x[9], y[9], x[ 1 OJ, y[ I OJ, n - 1 ); 
snowr(x[ 11I,y[ 11], x[ 1 OJ, y[ 1OJ, n - 1); 
snowr(x[ 11 L y[ 11 L x[ 12], y[ 12], n - I ); 

end; 

end; 


{Draw text window, prompt for n} 
{Display the drawing window} 
procedure init (vttr n : integer); 

vor 
drawwin : rect : 

begin 

hideall ; 

showtext; 

write(' Input order of curve:'); 

read l n(n); 

hideal l ; 

draww in.top := 40; 

draww in.le f t := O; 

drawwin.right := 512; 

drawwin.bottom := 51 2; 

se tdra wi ngrect(drawwi n); 

showdrawi ng; 


end; 

{m ain program to draw snowflake} 

begin 


ini t (n); 

{define the in itiator} 


x 1 := xorig - scaling; 

y 1 := yorig; 

x2 := xorig +scaling; 

y2 := yorig; 


{cal l snowr to create nth generat ion curve} 

snowr(x 1, y 1, x2, y2, n); 


end. 
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